ABSTRACT. We show that a compact Kähler manifold admitting a nondegenerate holomorphic 2-form valued in a line bundle is a finite cyclic cover of a hyperkähler manifold. With respect to the connection induced by the locally hyperkähler metric, the form is parallel. We then describe the structure of the fundamenal group of such manifolds and derive some consequences.
Introduction
In this note, we are concerned with compact Kähler manifolds which admit a particular kind of structure: holomorphic nondegenerate 2-forms valued in a line bundle. The problem has different analogues that have been intensively studied. On the one hand, there is the nontwisted problem concerning holomorphic symplectic forms. On the other hand, its symmetric avatar consists in the study of holomorphic (conformal) metrics.
In the compact setting, Kähler manifolds admitting holomorphic symplectic forms are exactly the hyperkähler ones, as shown in [2] . There is a rich literature concerning this subject, and its study is ongoing. Turning to the symmetric counterpart, the situation is somewhat different. Although the class of compact Kähler manifolds admitting a holomorphic metric is rather small (it consists in all the finite coverings of tori, as shown in [4] ), as soon as one allows the same structure to be twisted -thus studying holomorphic conformal structures -one enters a very rich class of manifolds. A complete classification of these has been reached only in dimension 2 and 3, in [6] and [5] .
Despite one could expect that the class of manifolds with twisted holomorphic symplectic forms is also wide, it turns out that the situation is not much different from the nontwisted case. More precisely, we show that compact Kähler manifolds admitting a twisted holomorphic symplectic form are locally hyperkähler. In particular, the presence of such a structure ensures the existence of a Ricci-flat Kähler metric, and with respect to the connection induced by this metric the form is parallel.
Roughly speaking, the proof is as follows: we first notice that the twisted holomorphic symplectic form induces local Lefschetz-type operators acting on the sheaves of holomorphic forms Ω * , which then determine a local splitting of Ω 3 into Ω 1 and some other summand. This, in turn, allows us to find local holomorphic 1-forms which behave like connection forms on the line bundle where the twisted form takes its values. Finally, this means that the bundle admits a holomorphic connection, thus also a flat one, and that the manifold is Ricci-flat locally holomorphic symplectic, thus locally hyperkähler. This is Theorem 2.7 in Section 2.
In the next section, we investigate the conditions that make the converse true, i.e. when does a locally hyperkähler manifold admit a twisted holomorphic symplectic form. This is strictly related to the structure of its fundamental group: it has to be cyclic and of a particular kind. There are some consequences that follow, such as: (strictly) twisted holomorphic symplectic manifolds are necessarily irreducible, and if their fundamental group is finite, they are necessarily projective.
Let us now be more precise, and define the objects we will be interested in: Definition 1.1. A Riemannian manifold (M, g ) is called hyperkähler if it admits three complex structures I , J and K which:
(1) are compatible with the metric, i.e.
(2) verify the quaternionic relations:
are parallel with respect to the Levi-Civita connection given by g .
In particular, a hyperkähler manifold is Kähler with respect to its fixed metric and any complex structure aI + b J + cK , with a, b and c real constants verifying
Equivalently, we could say that a 4n-dimensional Riemannian manifold (M, g ) is hyperkähler iff its holonomy group is a subgroup of Sp(n). 
x M, where is the contraction.
We call a manifold admitting such a form a holomorphic symplectic manifold. In particular, a holomorphic symplectic manifold (M, ω) has even complex dimension 2m and ω m is a nowhere vanishing holomorphic section of the canonical bundle K M =det Ω 1 M . Thus, K M is holomorphically trivial and c 1 (M) = 0. It can be easily seen that, once we fix a complex structure on a hyperkähler manifold M, say I , there exists a holomorphic symplectic form ω on (M, I ) defined by:
Thus, a hyperkähler manifold is a holomorphic symplectic manifold (but not in a canonical way). In the compact case, the converse is also true: Remark 1.4. The existence and uniqueness of the Kähler metric representing the given Kähler class comes from Yau's theorem: it is exactly the unique representative in the class that has vanishing Ricci curvature. Consequently, the holomorphic symplectic form in the theorem is parallel with respect to the Levi-Civita connection given by this Ricci-flat metric.
Twisted holomorphic symplectic manifolds
We will now concentrate on the twisted case, and see that the situation is similar to the non-twisted one. Specifically, we will show that a Kähler manifold admitting a nondegenerate twisted holomorphic form admits a locally hyperkähler metric which is moreover Kähler for the given complex structure. With respect to the connection induced by this metric, the form will be parallel. 
be holomorphic frames, so that the holomorphic transition functions {g i j } are given by σ i = g i j σ j . Then, if we write over U i
we get local holomorphic symplectic forms ω i that verify, on
The ω i 's, being holomorphic, induce the morphisms of sheaves of
Lemma 2.8. For m > 1, shrinking the U i 's if necessary, we have an isomorphism of sheaves of O U i -modules:
where
) and n = 2m.
Proof. We claim that L m−1 i
:
is an isomorphism of sheaves over U i . We inspect this at the germ level, so we fix z ∈ U i . Since the corresponding free O z -modules have the same dimension, it suffices to prove the injectivity of L m−1 i ,z . But this becomes a trivial linear algebra problem, noting that we can always find a basis over
is surjective. Hence, we have an exact sequence of sheaves:
Now, we can take the U i 's small enough so that all the sheaves above are free. Thus, the sequence splits and identifying
via L i , we get the desired isomorphism. This ends the proof of the lemma.■ Now, we have d ω i ∈ Ω 3 M (U i ), so, refining the cover {U i } if necessary, we can write:
0,M (U i ) holomorphic sections uniquely determined by the previous lemma. Since ω i = g j i ω j , we get:
Thus the θ i 's change by the rule:
Now, on a compact Kähler manifold we have H
Thus we also get c 1 (M) = mc 1 (L) = 0. So, by Yau's theorem, there exists a unique Ricci-flat Kähler metric g whose fundamental form ω g represents the given class α. Now, on Ω 2,0 M ⊗ L we have the Weitzenböck formula (see for instance [7] ):
where ∇ is the naturally induced connection by g on Ω
2,0 M
⊗ L and R is a curvature operator which on decomposable sections is given by:
M the induced action of the Ricci form on Ω 2,0 M . Now, since g is Ricci-flat, ρ g ≡ 0. Also, if we consider the curvatures induced by g , we have:
so the induced connection on L is flat and R vanishes. Hence, applying the Weitzenböck formula to ω, we get 0 = ∇ * ∇ω or also, after integrating over M, ∇ω
) be the universal cover with the pullback metric and complex structure, we have that π
is a holomorphic symplectic form. By the Cheeger-Gromoll theorem,M ∼ = C l × M 0 , where M 0 is compact, simply connected, Kähler, Ricci-flat, and C l has the standard Kähler metric. Moreover, by the theorems of de Rham and Berger, the holonomy of M 0 is a product of groups of type Sp(k) and SU(k). We have thatω is a parallel section of 2 
⊕l has no parallel sections by the holonomy principle, soω is of the form ω c + ω 0 , with ω c , ω 0 holomorphic symplectic forms on C l , M 0 respectively. Thus, l is even, so C l is hyperkähler, and also, by Theorem 1.3, M 0 is hyperkähler. It follows that (M, g , I ) is Klh.
This concludes the proof of the theorem.■ Remark 2.9. Notice that the relation (2.2) says that the (2,0) 
So, denoting by a :
)⊗L the antisymmetrization map, we get:
Remark 2.11. If we only suppose that ω is a non degenerate (2, 0) twisted form, not necessarily holomorphic, then ω still induces a connection on L in the same manner. This time,
are morphisms of sheaves of E U i -modules, and induce
, we get the (1, 0) forms θ i which define a connection D just as in Remark 2.9. It is only at this point that the holomorphicity of ω becomes essential in order to have that D defines a holomorphic connection on L.
A characterization
In this section, we want to investigate the converse problem. It is not true that all Klh manifolds are twisted holomorphic symplectic. Already we will see that a product of strictly twisted symplectic manifolds is never twisted symplectic, but it turns out that being reducible is not the only obstruction. In what follows, we will give some description of twisted holomorphic symplectic manifolds and their fundamental groups.
By a strictly twisted holomorphic symplectic manifold we always mean a twisted holomorphic symplectic manifold (M, I , L, ω) such that the line bundle L is not holomorphically trivial. 
all coincide on intersections and are non vanishing, thus giving a global frame for π * L which we can suppose equal to 1, so that π * σ i = f i . Thus, if we write ω = ω i ⊗ σ i and define ω 0 := π * ω, we get:
and, for any γ ∈ Γ:
Moreover, for any γ, we have on π
does not depend on i . On the other hand, we have:
) and ρ is determined by the action of Γ on the holomorphic symplectic form ω 0 by:
Conversely, suppose a holomorphic symplectic form ω 0 is an eigenvector for Γ acting on H
Let L :=M × ρ C and, with the same data for L as before, define
. Then ω is twisted holomorphic symplectic and, seeing s i π as an element of Γ, we have, by (3.1), on π
To prove the last part, suppose M is twisted-symplectic and let, as in Theorem 
Then we should have that ρ(Γ In particular, this implies that Γ is cyclic. Let d be its order. Then d |m + 1, where dimM = 2m. To see this, let γ ∈ Γ be a generator, so that γ * ω 0 = ξ · ω 0 , with ξ a primitive d -root of unity. Since γ has no fixed points, by the holomorphic Lefschetz fixedpoint formula we must have that its Lefschetz number, which by definition is:
must vanish. On the other hand, we have
. Thus, L(γ) = 0 implies d |m + 1. Let ρ : Γ →U(1) be given by the action of Γ on ω 0 and L :=M × ρ C, so that the twisted holomorphic symplectic form is L-valued. Since the action of Γ on KM is given by ρ m , we also have that
For a twisted holomorphic symplectic manifold (M, I , L, ω), we always have, by Remark 2.5, that L is a root of K * M . In the particular case when M is locally irreducible, we obtain, moreover, that L (and thus also K M ) is a torsion element of the Picard group, and that L is precisely (up to isomorphism) K M .
It is difficult to give a nice criterion for being twisted holomorphic symplectic in the case of de Rham irreducible, locally reducible hyperkähler manifolds. We can, though, give a somewhat more precise description of fundamental groups of twisted holomorphic symplectic manifolds. For this, we first give some lemmas concerning isometries of Riemannian products. 
Proof. We have thatg
. On the other hand, Next, we want to show that for every i , there is exactly one j = j (i ) so that a i j = 0. Thus, if we let A(i ) = { j |a i j = 0}, we need to show that A(i ) = for each i and
For the second assertion, first note that
It follows that there exists a permutation σ of {1, . . . , k} so that A(i ) = {σ(i )} for eachi . Hence, since for any j , i a i j = 1, we have that a i σ(i ) = 1 and γ i =γ i p σ(i ) with
In what follows, we will omit writing the projections and identify γ i withγ i . 
Hence we can suppose, after rescaling the ω i 's, that ω 0 = ω 1 + . . . + ω k . Let γ be an isometry of M 0 with γ * ω 0 = ω 0 . Consider first the case where all M i are isometric, so that M 0 ∼ = M k 1 . Let σ be the permutation determined by γ as in the previous lemma and let l be the order of σ. If we define, for i = 1, ..., k:
. If γ acts freely, then also γ l acts freely. Otherwise, suppose γ l (y 1 , . . . , y k ) = (y 1 , . . . , y k ), let i 1 , . . . , i t ∈ {1, . . . , k} represent the orbits of < σ > and define (x 1 , . . . , x k ) by [1] , such manifolds are necessarily projective, hence so isM . But it is a well known fact that a compact Kähler manifold is projective if and only if some finite unramified covering is, thus the conclusion follows. ■
Final remarks
Remark 4.1. Concerning examples, finding locally irreducible Klh manifolds is equivalent to finding a fixed point free automorphism γ of an irreducible symplectic manifold, so that all powers of γ also act freely.
In complex dimension 2, by Remark 2.6, all manifolds are twisted holomorphic symplectic. On the other hand, all compact Klh surfaces are either tori or Enriques surfaces, which are quotients K / < ι >, with K a K3 surface admitting a fixed point free involution ι.
Next, out of a K3 surface (K , ι) as before, one can construct a twisted holomorphic symplectic manifold of any even dimension 2m. Simply take K m / < ι, . . . , ι >. To find twisted holomorphic symplectic manifolds with higher order of the fundamental group, one needs to look at other irreducible hyperkähler manifolds. For the Hilbert schemes of points on K3 surfaces, see [2] for the construction, all known automorphisms have fixed points, so we have no hope of constructing examples out of them.
On the other hand, there is hope with the generalized Kummer varieties K r , see again [2] for the definition. In [3] and [9] the authors find fixed point free cyclic groups of automorphisms Γ of order 3 for the manifolds K 2 and K 5 , and of order 4 for K 3 . Taking the corresponding quotients give the desired examples of locally irreducible twisted holomorphic symplectic manifolds of dimension 4, 10 and 6, respectively.
Remark 4.2.
In order to actually classify twisted holomorphic symplectic manifolds, one should be able to classify fixed point free groups of automorphisms of irreducible hyperkähler manifolds. The problem is clear in low dimension. It is also clear that if the Hilbert schemes of points on K3 surfaces admit such groups, then the corresponding automorphisms are not natural, i.e. do not arise from automorphisms of the K3 surface. On the other hand, for the moment there are no known exemples of such non-natural automorphisms. For the generalized Kummer varieties, there exist some examples formed out of natural automorphisms, but we do not know a classification of such groups. Remark 4.4. Another direction to go would be to study the problem in the non holomorphic case, that is to be able to say which compact Kähler manifolds admit a non
